The relativistic magnetohydrodynamics of an accelerating plasma  by Ciubotariu, Corneliu D
JOURNAL OF hlATHEMATICAL ANALYSIS AND APPLICATIONS 55, 272-283 (1976) 
The Relativistic Magnetohydrodynamics of an 
Accelerating Plasma 
CORNELIU D. CIUBOTARIU 
Department of Physics atzd Applied Electronics, 
Polytechnic Institute, Jassy, Romania 
Submitted by S. Chandrasekhar 
In analog to the Irvine’s tetrads of a rotating reference system, a tetrad 
field associated with a medium esperiencing a linear acceleration is derived. 
This is used for a tetrad formulation of relativistic equations of a system 
composed of an accelerating plasma coupled to a frozen-in magnetic field. It 
is found that the magnetic and hydrodynamic variables are independent of the 
time in comoving coordinates, and it is shown that a steady flow with constant 
values of the unperturbed quantities is not possible. Some relativistic barometric 
formulas for magnetohydrodynamic systems which are not in thermodynamic 
equilibrium are obtained. 
1. INTR~DUOTI~N 
Within a large system of a plasma coupled to a frozen-in magnetic field 
(that is, within a magnetohydrodynamic field), consider a set of observers 
comoving with every infinitesimal volume element of the plasma. Such 
observers describe the physical observables with respect to their local 
Minkowski reference frame (tetrad). If the plasma is linear accelerated, its 
comoving observers together with the corresponding tetrad frames define an 
accelerating system of reference. We may then pose the question: Is it possible 
to define uniquely the tetrad field of the comoving observers? 
Previous definitions of an accelerated system of reference have been based 
on a finite coordinate transformation from the Minkowskian coordinates 
xu = (X0, Xl, x2, X3) = (CT, x, E’, Z) in an inertial frame to the coordi- 
nates xu = (x0, x1, x2, 9) = (ct, x, JJ, a) used in the accelerated system. For 
example, the transformation derived by MGller [lo], 
C T = - sinh “f + Z. sinh “t , 
ci C c c 
X=;(Msh$- 1) +xcoshG, U-1) 
Y =y, z = z, 
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leads to the metric 
ds2 = dx2 + dy2 + dz2 - c2(1 + (c&~))” dt2, (1.2) 
where 01 is the constant proper acceleration of a particle which moves along 
the positive x axis. Such examples could be continued [13]. A new point of 
view appears in the work of Rogozhin [12], who uses a differential coordinate 
transformation from an inertial frame to one which accelerates uniformly. 
For media in noninertial frame in flat space-time, we know the work of Tse 
Chin MO [9], who appl ies the transforamtion derived by Rindler [l l] (for an 
accelerated test particle) to a medium with electromagnetic waves. For an 
account of magnetohydrodynamics (MHD) in general relativity, the standard 
book [8] of Lichnerowicz, and the papers of Giere [3], Greenberg [4], and 
Todzis [17] may be consulted. 
The purpose of this paper is twofold: to provide a unique definition of an 
accelerating frame in flat space-time (Sect. 2) and to apply this definition to 
the study of the relativistic MHD of an accelerating plasma (Sects. 4 and 5). 
In Section 3 we give a brief summary of the relativistic formulation of the 
MHD equations. 
2. UNIFORMLY LINEAR ACCELERATED FRAME 
To be applicable to our problem, a uniformly accelerated frame must have 
a time independent metric. The transformation which meets this requirement 
and which preserves the simplest special geometry (i.e., Cartesian, and coin- 
ciding with the instantaneous inertial frame) is the transformation (1.1) given 
by Moller [lo]. By elimination of the variable t in (1 .l) we get 
Thus we see that, relative to the inertial frame, each reference point with 
constant values for IC, y, and Z, performs a hyperbolic motion in the direction 
of the X-axis starting at the point X = x, Y = ~1, 2 = .a at T = 0, with zero 
velocity. 
We further use the Irvine’s technique [5], which we adapt to linear acce- 
lerated motions. Consider the set of observers with coordinates, as seen from 
the inertial system, 
X =Z const + f  [(I + fjf-)I + F]l”, 
P-2) 
x = const, Y = y = const, Z = z = const. 
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If we fix our attention on a particular observer and calculate the components 
of the tetrad consisting of his 4-velocity A;b, = ZP -= dXu/ds, and the ortho- 
normal triad of normals to his world line (ArAa, , A == 1, 2, 3), from the 
Frenet-Serret formulas we obtain 
A;b, = cash “t , 
( c 
sinh $, 0, 0) , 
ATi, = sinh 5 , 
( C 
cash ; , fft 0, 0) I (2.3) 
43) = ( 0, 0, 0, 1). 
We define an accelerated system of reference, which moves parallel to the 
X-axis, as the set of observers (2.2) together with the corresponding tetrads 
A:$ given by (2.3). These tetrads are easily seen to be connected with the 
Minkowskian frame by a Lorentz matrix with velocity v = tanh(art/c) at 
every moment. Therefore the values of the physical quantities measured in 
the accelerated system will be related to the corresponding quantities in the 
inertial system by a Lorentz transformation using the instantaneous velocity 
of motion. 
If a plasma is uniformly linear accelerated, its comoving frame can be 
described by P in (1.1). In the coordinates P, the tetrad (2.3) becomes 
q(l) = [(l + :)--I, 0, 0, o] , 
4) = ( 0, 1, 0, Oh (2.4) 
%3) = ( 0, 0, 0, I)> 
and this is the tetrad which we will use in the study of the relativistic MHD 
of an accelerating plasma. 
We conclude this section with the remark that the tetrad field (2.3) is 
identical with the tetrad field in the weak approximation of the Schwarzchild 
field (see, for example, [6, Eqs. (2)]). W e h ave thus shown that the physical 
definition of an accelerated system of reference, as the set of observers (2.2) 
with the corresponding tetrads A:,., , is consistent with the principle of 
equivalence. 
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3. RELATIVISTIC MAGNETOHYDRODYNAMICS 
Several of the formulas derived in this section are given in the work of 
Lichnerowicz [8] (except for a change of signature which is more suitable 
for our present purposes). 
Within material medium, a general electromagnetic field is defined by the 
antisymmetric field tensors 
0 B, -B, -E, 
0 H3 -H, -D, 
which satisfy the Maxwell equations 
zlg=o 
and 
(3.1) 
G$ = J’, (3.2) 
where a semicolon denotes the covariant differentiation, and &s is the dual 
tensor defined by 
* HUB = 1 27 afJv8H Y8 (3.3) 
with the usual definition of qasyS and its covariant form, namely, 
c asvs - - E~QY~ are the Levi-Civita densities with values + 1 and - 1, depending 
upon whether C&A is an even or an odd permutation of 0 1 2 3 and zero 
otherwise. 
The four-vector electric and magnetic field are defined, respectively, by 
(3.4) 
where ua is the four-velocity of the plasma, whose magnitude is 
24 ZP a = -1. (3.5) 
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As a consequence of Eqs. (3.4), we find that 
In a relativistic formulation, Ohm’s law may be written as [16] 
a-yp + u”J%+) = z+HBo, (3.7) 
where ~7 is the electrical conductivity of the plasma and p is the charge- 
current four-vector. If we now assume that u is infinite (the case of MHD), 
we conclude 
uBHBa = e” = 0, (3.8) 
so that the electric field within a perfectly conducting medium is zero. 
Furthermore, for the infinitely conducting fluid with a magnetic permeability 
p = const, we have 
Ga, = (l/d KR > (3.9) 
so that the second relation of (3.4) becomes 
h, = ( lP) #&, . 
From (3.10) and (3.3), we get 
(3.10) 
Ho, = -mmh’@, (3.11) 
* 
H,, = &,hn -- u,h,). (3.12) 
In the case of MHD, the electric current p is not known, but is only 
defined by GyE . The M axwell equations are reduced to (3.1), which in view 
of (3.12) become 
(uaha - uBhb);a = 0. (3.13) 
The total energy-momentum tensor of the plasma and electromagnetic field 
is taken as 
T*‘B = (c? + YE + p) UW + pges + p(GapG,B - ~g”“Gy@‘s>, (3.14) 
where r is the proper material density of the plasma, p is its pressure, and E 
is the specific internal energy. Employing the relations (3.9) and (3.11), TaB 
may be expressed in term of ha 
where 
I h I2 = h,hm > 0. (3.16) 
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The differential equations of relativistic MHD with respect to an arbitrary 
system of curvilinear coordinates are 
kg=0 (Maxwell equations), (3.17) 
T$=O (equations of motion), (3.18) 
(~24~)~~ = 0 (equation of continuity). (3.19) 
Finally we need an equation of state connecting the thermodynamic 
quantities, which will, for an ideal plasma, be taken as [7] 
E = p/(fc - 1) Y, (3.20) 
where K is a constant equal to the ratio of specific heats of the plasma. 
4. TETRAD FORMULATION OF RELATIVISTIC MHD EQUATIONS 
Since an observer measures not with respect to some global coordinate 
system, but with respect to some suitable locally chosen tetrad, it is necessary 
to write Eqs. (3.17)-(3.19) in a tetrad from. 
In terms of intrinsic derivatives and tetrad components of the tensors [l], 
Eqs. (3.17)-(3.19) may b e written as (see Appendix) 
&,bp - 2L'!&,,G * (n)(k) + f2.'l",',(,)i; b)(k) = 0 , (4.1) 
T'$"' - 2Q.‘r’,,,, Tcnjtk) _ 252[&, 7-(7)(k) = 0, )_ ’ (4.2) 
(YzP)*(~) - 2Q!;L)(,,Yu (P) = 0 , (4.3) 
where 
d$)(,, = *(A:‘\ - A,‘;;, X’;,)h&) (4.4) 
are the objects of anholonomity [14]. S ince the differentiation is not possible 
with respect to anholonomic coordinates (see [2, p. 638]), we can use the 
relations 
The objects of anholonomity corresponding to the tetrad field (2.4) are 
Q(O) 
.fO)(l) = -Q%o, = -Qn,o),o,,1) = f40)(1)(0) 
(O).(l) = Q',l,ho, = - & (1 + g-t 
(4.6) 
= Q(O) 
all other Q vanishing. 
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We can now write the MHD Eqs. (4.1)-(4.3) in terms of the accelerated 
tetrads (2.4). According to Eqs. (4.5) and (4.6) we have 
&,iD)(l) + &y2'+ (.y$(,, = 0, 
(1 + ~)-l@;)(") + @"2'+ G,;)(3)= 0, 
( 1 
where 
+ 
* 
(4.7) 
(4.8) 
(4.9) 
(4.10) 
(4.11) 
(4.12) 
(4.13) 
(4.14) 
(4.15) 
(4.16) 
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and 
5. ACCELERATING PLASMA FLOW IN THE ABSENCE OF THE PERTURBATION 
Let us assume that the four-velocity of the plasma coincides with the 
timelike four-vector of the tetrad (2.4). In this case we deal with a linearly 
accelerated motion of the plasma and 
ZP = (1, 0, 0, O), P = 0, (5.1) 
the last relation being a consequence of Eq. (3.6). From Eqs. (3.9) (3.12), and 
(5.1) we get 
&l)(O) = -j+A’, G'.4NB' = 0 (A, B = 1, 2, 3), (5.2) 
and therefore, the Maxwell Eqs. (4.7)-(4.10) become 
h(l) + jp) + h(3) = 0 
,l -2 .3 9 (5.3) 
h(l) zzz 0 
.o 9 
h(2) - 0 
.o - 9 h(3) zzz 0 .n . (5.4) 
The equation of continuity (4.15) and the equation of motion (4.11) imply 
that 
1.0 - -0 , P*o = 0. (5.5) 
Thus the magnetic field component h (Ic), the proper material density Y, and 
the pressure p are independent of the time x0. 
Further, using Eqs. (4.17), (3.20), and (5.1), Eqs. (4.12)-(4.14) take the 
form 
p*, + ph'2'h'q' + ph'%'~' - ph'%'l,' - ph'w; 
+ ; (1 + 5)-l (ce, + 5 p + pW’h’2 + pllwd3)) = 0, 
(5.6) 
(5.7) 
(5.8) 
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In the following part, we consider the cases when the magnetic field four- 
vector is collinear to one of the spacelike four-vectors of the accelerated 
tetrad (2.4). 
(a) h” = LA, . W* Magnetic field collinear to the first space-like tetrad 
four-vector. From Eqs. (5.6)-(5.8) we obtain 
P.1 + f (I + 4)-l (37 + 5P) = 0, 
(P + +cL I h I”).2 = 0, 
(P + 4P I h I”),, = 0. 
(5.10) 
(5.11) 
Consequently, the total pressure, p + 4~ 1 h I2 is independent of the 
coordinates x2 and x3, and if 1 h ) = constant, the plasma flow is not influenced 
by the magnetic field. 
For isentropic motions, it is a consequence of Eq. (3.20) that [15] 
P = P&I~ll)KI (5.12) 
where ps and ~a are constants. Hence, if the magnetic field is homogeneous, 
from Eqs. (5.9)-(5.12) we find 
2 + ; (1 + 7)-l *p + olra (I + ~)-lp;l;rpr/K = 0. (5.13) 
In the high-temperature limit (K = $), this equation becomes 
2 + M(x)p + N(x)p3~” = 0, (5.14) 
where 
M(x) = fg (1 + 7)-l, N(x) = cwg (1 + ~)-‘p,1”. (5.15) 
Equation (5.14) is a Bernoulli differential equation for the variable p. If  
we define Q* = p, the differential equation becomes 
g + f  M(x) q + f  N(x) = 0. 
The solution to this equation is 
1 t 
(cfxo/c2) 
1 .T - 
4 x0 = - 1 + (as’c2) ( 40 y- ayop~ 314 1 + (awo,/c2) 1 ’ (5.17) 
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where x0 , qO are constants. Hence, the pressure distribution is given by 
(5.18) 
where s,~ is the value of x at the surface of the plasma. This Eq. is a relativistic 
barometric formula for an accelerated system which is not in thermodynamic 
equilibrium. 
(b) h“ = hh, . (U)* Magnetic field collinear to the second spacelike tetrad 
four-vector. In a similar fashion we obtain the equations 
p,, + phh*, + ; (1 + 71-r (car + 5 P + 4s) = 0, (5.19) 
P,, + 9h.s = 0. (5.20) 
To go further would require a knowledge of how h depends on coordinates. 
If we consider a magnetoplasma for which magnetic pressure 1/2ph2 equals 
fluid pressure, we obtain the barometric formula 
(1 + (+)/c2))3 1 
p = 1 + (ax/c’))” 1” 
We note that the knowledge of the relativistic barometric formulas is 
useful in view of the integration of Einstein’s field equation of gravitation. 
6. CONCLUDING REMARKS 
The theory developed in this paper may be applied to any timelike con- 
gruences of curves for which a tetrad field may be associated. It would be 
interesting to apply our method to a case of nonuniform acceleration, namely, 
the case in which the accelerated fluid element undergoes a rectilinear 
harmonic motion. It is clear that the study of the perturbations in an accelerat- 
ing plasma presents some difficulties since a steady state with constant values 
of the unperturbed quantities is not possible. 
APPENDIX 
Multiplying Eq. (3.17) by A:) and summing, we obtain 
&$p = (&qqB - &?I:$ = (lw%& - &?I$ 
(A-1) 
= &,G,, * (n)(!d + i;(m9g3k);u _ &+;J ;I~ 0. 
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According to expression (4.4) for Q, we may write 
that is, 
64.2) 
(A.3) 
We now compute 
Substituting Eqs. (A.3) and (A.4) into Eq. (A.l), we obtain 
(A.5) 
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